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CONVOLUTION ESTIMATES FOR MEASURES 
ON SOME COMPLEX CURVES 

HYUNUK CHUNG AND SEHEON HAM 


Abstract. We consider the convolution operator for a measure supported on com¬ 
plex curves. The measure which we consider here is an analogue of the affine ar- 
clength measure for real curves. By modifying a combinatorial argument called 
the band structure argument, we prove the (nearly) optimal Lorentz space esti¬ 
mates. This includes the optimal strong type estimates as special cases. The 
complex curves we consider here are the ones considered for the Fourier restriction 
estimates for complex curves in [1]. 


1. Introduction 

Let h{z) = (;s, ..., 0 ( 2 )), (i > 2, be a complex curve of simple type in 

where (j){z) is an analytic function defined on a region C C. This is regarded as a 
2-dimensional surface in dehned by the real mapping 

z = (x, y) i-A h{x, y) = (x, y, x^ - 2xy ,..., Re(0(z)), lm(0(z))). 

We consider a convolution operator for a measure supported on the range of h, 
dehned by 

^/(O = / dy{z). 

Jd 

Here D is the unit ball in / is a Borel function on and dy{z) is the surface 
measure djjL{z) = dy{h{z)) = dxdy, where z = x + iy. We have {z)\'^(^dy{z) = 

Cd\ det{h'{z), h"{z),..., h^‘^\z))\'^(^ dy{z), which is an analogue of the affine ar- 
clength measure in the case of real curves. 

It is obvious that A : and by duality A : i-)- 

By interpolation between these trivial estimates, we see that A : ^ for all 

1 < p < cx). We are interested in determining how much the integrability can be 
improved via the measure 

|0^'^)(z)|‘^{'^+i)(iyU.(z) =: da{z). 

In the nondegenerate case, i.e. when (f){z) = z^, one can see that A is not of restricted 
weak type (p, g) outside of the (closed) trapezoid TZ with vertices at (0,0), (1,1), 
(1/prf, 1/gd), and (l/g^, 1/p'^) in the plane. Here ^ and (We will 

discuss the necessary conditions in Appendix B.) Hence, if we show the restricted 
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weak type for A at (pd, Qd) (then by duality A is also of restricted weak type of 
{q'di'p'd))i fhen A is of strong type (p, g) on IZ except for the points (1/pd, l/o'd) and 
{1!q'^A/v'd) ■ addition to the restricted weak type at {pd,qd), we will show the 
optimal boundedness of A on the scale of Lorentz spaces. 

The following is our hrst result. 

Theorem 1.1. Let d > 2 and (j){z) = for a nonnegative integer N. Then there 
exists a constant C = C{d,N) such that 

( 1 ) M/||L-Jd.>'(R2d) < C'||/||iPd,u(K2d) for u < qd, Pd < V, and u<v. 

Here C = C{d, N) depends only on d,N. 

This implies that A is of strong type in TZ. This result relies on an estimate for 
a lower bound of some Jacobian (see Section |2]) arisen from the Fourier restriction 
theorem for complex curves (see m), where a uniform Fourier restriction estimate for 
polynomial curves of simple type for d = 3 was also obtained. Using this, we thus 
get the following. 

Theorem 1.2. When d = 3 and 4>{z) is a polynomial of degree at most N, ([T]) holds 
for h{z) = {z,z^,cl){z)) and a constant C = C{N), which depends only on N. 

For a two-dimensional surface h{z) = {z, 4>{z)) in where (j){z) is not necessarily 
holomorphic, Drury and Guo [12] showed the —)■ L^(M^) boundedness for 

the convolution operator dehned by an induced measure on the surface h{z) under 
some nondegeneracy conditions on (j){z). 

Our approach basically follows the case of real curves. Let 7 (f) : I = [0,1] 1 —)■ 
be a smooth space curve in R*^. Let us denote the affine arclength measure along 7 (f) 


by 


w{t)dt = [det ( 7 '(f), 7 "(f),..., 7 G))] Arf+ndf. 


There has been much work about estimates for the convolution operator given by 



When 7 (f) = {t,H,...,A) i.e. w{t)dt ~ dt, Littman [21] {d = 2) and Oberlin 
[2211231 [25l 126] established the strong type {pd, qd) for d = 3 and the restricted weak 
type {pdAd) for d = 4. The endpoint case in d = 2, i.e. L^/^’’'(R^) —)■ L^’^(R^) 
estimate for all p 2 = 3/2 < r < 3 = ^2 was shown by Bak, Oberlin, and Seeger 
[2]. The estimate L^(R^) —)■ L^/^’^(R^) (which is the case u = v = p 3 = 2) was 
established by Bennett and Seeger in [6], where the result was proved by analyzing 
the singularities of the phase function of a certain oscillatory integral operator. When 
d > 2 , Christ [2] proved the restricted weak type {pd, qd) for B by using the band 
structure argument. This argument was extended by Stovall [SU] to establish the 
]^Pd,u ]^qd,v estimates for u < qd, v > pd, and u < v. 

Gressman [20] proved the restricted weak type (pa, da) for a class of monomial 
curves 7 (f) = (f“L ■ ■ ■ for positive integers oi < • • • < a^, and for w{t) = 
|f|^, —1 < 6 < 0. Here, (pa, da) depends on the exponents ai,...,arf, where a = 
(oi,..., Od). See also [29] E] for the d = 3 case. 
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For more details on the history related to general classes of curves, we refer to 
mm and the references therein. Here we will focus on some results related to 
our work. Drury na introduced the affine arclength measure to obtain optimal 
—)■ estimates for {t,p{t)), where p{t) satisfies some technical assumptions. 
(See also [7] .) Let 7 (t) = ..., Pd(t)) for arbitrary polynomials Piit), 1 < i < d. 

When d = 2, Oberlin |26] showed optimal U’'^ boundedness of A, where the 

constant depends only on the maximum degree of the polynomials. Dendrinos, Laghi 
and Wright m obtained the uniform boundedness of B in some Lorentz spaces 
when d = 3, which was an extension of the case 7 (t) = {t, Pi{t), P 2 {t)) established 
by Oberlin [SB]. For the general dimension, Stovall [21] proved the 1-7 

boundedness whenever u < qa, Pd < v, and u < v. 

For curves with less regularity, more conditions on the torsion were needed. Oberlin 
[2B] proved the sharp strong type boundedness for H in d = 2, 3, 4 for certain flat 
curves of simple type, where the weight function is monotone and log-concave. For 
the higher dimensional cases it seems to be difficult to construct the band structure. 
Recently, Dendrinos and Stovall [13] proved the restricted weak type estimates for 
certain curves (not necessarily simple) with low regularity under monotonicity and 
concavity assumptions on the affine arclength measure. They also obtained strong 
type {pd, Qd) for the monomial-like curves. By suitably ordering certain parameters, 
they efficiently avoid the band structure argument. 

We basically follow the argument in [21], which exploited geometric inequalities 
arisen from Fourier restriction estimates for polynomial curves (see HI) and the 
band structure argument in [9] |2Q] . 

As in the study of the Fourier restriction estimates for space curves, properties of 
the mapping (ti,... ,td) ^ such as finite generic multiplicity and a lower 

bound for the Jacobian, are required in this paper to perform a change of variables. 
As in [21], which relied on the uniform estimates for the Jacobian in [T3], we rely on 
an analogous (but weaker) result in [T], related to the Fourier restriction estimates for 
complex curves. In fact, we can decompose C into hnitely many disjoint regions such 
that the holomorphic Jacobian of the mapping {zi,..., Zd) ^ is bounded 

below on each region by the complex Vandermonde determinant and the arithmetic 
mean of |0(‘^i(zi)|,..., \(p^‘^'>{zd)\. See Section [2] for more details. 

We wish to point out here that the affine arclength measure was first used in the 
study of the Fourier restriction estimates for various classes of degenerate curves to 
allow the possibility of uniform estimates by mitigating the degeneracy of the torsion 
of the curve. (See [2111113121 111 131313132] for the case of degenerate real curves, 
and see [231] for complex curves.) 

The usual treatment of the affine arclength measure involved a lower bound of 
a certain Jacobian in terms of the geometric mean of the translates of the torsion. 
Here, following BU. we will exploit a stronger estimate involving the arithmetic 
mean (or, equivalently, the maximum) of the translates of the torsion (in Lemma 
12.11 and 12.2p rather than their geometric mean. Using maxi<j<(i |0^'^^(zj)| instead of 
our computation can be simplified quite a bit, since it allows us to 
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manipulate the exponents easily by choosing ci,..., q appropriately such that 

d 

, where = 1. 

l<i<d i=l 

If one can obtain Lemma [2TT] for complex polynomial curves in general dimensions, 
Theorem 11.11 may be extended to cover those curves by using the modihed band 
structure argument for complex variables. The idea is to consider balls in C in place 
of the distance between real variables, which we will explain in more detail in Section 
3 (which was motivated by the proof of Lemma 15.3p . By this we can obtain an 
estimate on Lorentz spaces. 

For the optimal estimate we need further observations, which will be given in 
Section 4. For the case d = 3, the argument is simpler, since it does not need 
the band structure argument. This case will be discussed in Section 5 for the sake 
of completeness. The standard method to obtain Theorem 11.11 and 11.21 from the 
main lemmas in Sections 3 and 4 was established by Stovall [HO]- For the sake of 
completeness a detailed proof will be given in Appendix A. The necessary conditions 
on the indexes qa, u, v will be discussed in Appendix B. 

2. Lower bounds for the Jacobian 

In this section, we recall the lower bounds for the Jacobian for h{z) = {z, z‘^, ((>{z)), 
where (j){z) is an arbitrary polynomial. Let Jc{zi, Z 2 , z^) be the determinant of the 
holomorphic Jacobian of the mapping {zi, Z 2 , z^) i—)■ Z 2 , z^) = —h{zi) + h{z 2 ) — 

h{z 3 ). Then C is decomposed into a bounded number of regions, on which a lower 
bound of Jc{zi, Z 2 , z^) may be given as follows. 

Lemma 2.1 (Lemma 4.2 in [T]). There exists a positive integer M = M{N) and 
a collection of convex open sets Bi,... ,Bm, which are pairwise disjoint, such that 
C = [jfLiBi ignoring null sets. Moreover, there exists a constant c{N) > 0 such that 
for 1 < i < M, 

\Jc{zi, Z 2 , Zz)\ > c{N)V{zi, Z 2 , zf) max{|0'"(2;i)|, |0'"(^2)|, \(t)"'{zz)\}, 

whenever zi, Z 2 , Z 3 & Bi. Here V{zi, Z 2 , z^) = \z 2 — zi\\z^ — zi\\z^ — Z 2 \ is the Vander¬ 
monde determinant. 

Let us describe the set B^ in brief. Fix a zero Ui of (j)'"{z) and denote the other 
A^ —4 zeros by U 2 ,. ■ ■ ,WAr -3 such that \u 2 — ui\ < • • • < luv-a — Ri|- Set S{ui) = {z G 
C : \z — Ui\ < \z — Uk\ ioT k = 2,..., N — 3}. By translation, we may assume that 
Ml = 0. Then we dehne the gap annuli Gk and the dyadic annuli Dk by 

Gk = {zi G C : A\uk\ < \zi\ < A~^\uk+i\} for 1 < /c < A^ — 4, 

Dk = {zi G C : Af^\uk\ < |;2i| < Ai\ukW ioi 2 < k < N — 3, 

and Gw-a = {^1 G C : A|m 7 v- 3 | < ki|}- Here A and Ai are appropriate constants. 

(See the proof of Lemma 4.2 in [1].) In addition, let us consider the collection of 
narrow sectors {A} centered at the origin with angle e, which cover C. Since the 
operator A is invariant under an affine transformation, it suffices to consider one 
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sector A = {^ = re*® : 0 < r, 6 ^ G (0, e)}. Then Bi is a convex snbset of S'(Mi)nAn-Efc 
for some Ek = Gk or Dk- By the proof of Lemma 4.2 in [I], we have that 


A-3 


( 2 ) 


\(t)"\z)\^ n Wn\\z\^ =■ Hk\z\ 


n=k-\-l 


whenever zEB^(ZSnlS.P[Ek with Ek = Gk or Dk- 

In fact, |Tc(^i, ^ 2 , ^ 3)1 can be rednced to the determinant of the holomorphic Ja¬ 
cobian of the mapping ( 21 ,^ 25 ^ 3 ) t ^/^{zi, Z 2 , z^), where h{z) = {z, z'^, on B^. 

More precisely, it is known that 


(3) 


|-^c(^i,^2,^3)| > Hk ■V{zi,Z2,Z3) ■ max{|2;i|'', \z2\^, Iz^l’^} 


if zi, Z 2 , Z 3 G Bi for some C S' fl A fl with Ek = Gk or Dk. 

When h{z) is a monomial cnrve of simple type, we have the following. 

Lemma 2.2 (Lemma 3.3 in [1]). Let h{z) = {z, ..., z^) for an integer N > d 

with d> 2 . Set 

Jd{zi, ...,Zd) = Jc{zi, ...,Zd)= det{h'{zi ),..., h'{zd)) 

where Zj G C, 1 < j < d. Then C may he written as the union (ignoring a null-set) 
of G{d,N) sectors Ai with vertex at the origin such that for each 1 < i. < G{d, N), 
we have 


... ,Zrf)| > c(d. A) 


i<i<d 


\Zj - Zi 




where Zj G A^. Here, G{d,N) and c{d,N) are positive constants depending only on 
d and N. 

In this case, it snflices to consider the case when A^ = A = {re*® : r > 0 and 6 G 
(0, e)} for some small e. 


3. The band structure for complex variables 

In this section, we consider a monomial cnrve h{z) = {z, z"^,..., z‘^~^, z^) for a 
nonnegative integer N. We may assnme N > d, becanse Af{x) = 0 for A < d. To 
handle the general dimensional case, we basically follow the ‘band strnctnre’ argnment 

in [H]. 

By Lemma [2.21 it snffices to consider 


(4) 


Tf{x)= / f{x - h{z))da{z), 


4:{N-d) 


where da{z) ~ | 2 r| dfi{z) =: '^(<*+1) dp.{z) and A = {re*® : 0 < r < 1 and 9 G 

(0, e)} for a small constant e as in Lemma [2.21 

The estimate o for T follows from the propositions in the Appendix. Those 
propositions assnme the restricted weak type {pdyQd), which we will now prove. 
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Let US define quantities a and 13 by 


a = 


{Txe,Xf) 

\F\ 


and 


/S 


{T*Xf,Xe) 
\E\ 


for measurable sets E^F. Here T* is the dual operator of T given by T*f{x) = 
/a /(^ + h{z))da{z). Note that a\F\ = (3\E\. Then 

{Txe,Xf) < \E\pd\F\‘^d 


is equivalent to 

(5) (a) 

since Q!|F| = /3\E\ = {Txe, Xe)- 

The following lemma is a rehnement of (15|) . 

Lemma 3.1. Let Ei,E 2 ,G C be measurable sets with finite measure. Suppose 
that 


TxeA^) > Txe2{x) > 02 

for all X E G and ai < « 2 . Then 


lE.l > 


d(d+l) 






where j3 = 

Remark 3.2. If we set El = E 2 and ai = 02 , we obtain ([5]) i.e. the restricted weak 
type {pd, Qd) for T. 


First we will hnd a sequence of subsets of A and their properties, which is essential 
to construct a band structure of Lemma 13.51 

Lemma 3.3. Let 7 = max{Q!i,/3}, n = 4 j^'^^ 2 d(d+i) '^'oder the assumptions in Lemma 
\S.1\ There exist a point yo in Ei, a constant G > 0, and a sequence of subsets 
El, ■■■, P 2 d of A such that 

(i) o'{Pj) > Gf3 for odd j, 

(a) cr^Pj) > Gai for even j < 2d, 

(in) a{P 2 d) > Ga 2 , 

and \zj\ > for Zj E Pj, I < j < 2d — 1, and \z 2 d\ A (47rz/)“‘'Q!2- 

Also there exists a small constant c > 0 such that 

1 - 2 K 

(iv) if Zj E Pj for odd j, then \zj — zf > c[3^\zi \ ^ where i < j < 2d, 

1 -2K 

(v) if Zj E Pj for even j < 2d, then \zj — zf > cal ? where i < j, 

1 -2K 

(vi) for Z 2 d £ P 2 d and j < 2d, \z 2 d — Zj\ > ca| \z 2 d \ if \zj\ < ^{AFu)~^a 2 , and 

- - 2 X 

\z2d — Zj\ > cal \zj\^^^X+ri if \zj\ > |(47ri/)“^«2- 
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Proof. We begin by showing that we may consider a trnncated operator instead of 
T by following the proof of Lemma 1 in [ 20 ]. Let us dehne B.y = {z & A : \z\ < 
( 4771 ^)and a truncated operator Tf{x) = f{x — h{z))da{z). 

Since 

a{B.f) = / |2;|‘*o+i)d/i(2;) < 277 / = 27 rz/( 47 rz/) 7 = —, 

Jb~, Jo 2 

we have that 

{Txe^,Xg) > {Txei,Xg) -(t{B^)\G\ > (ai -7/2)|G'|. 

If 7 = ai, then {Txei, Xg) > |ai|G| = \(J\Ei\. 

If 7 = / 3 , we see that 

{Txei.Xg) = {Xei,T*Xg) > {Xei,T*Xg) - > ^/3\Ei\ 

since {xEr,T*XG) > ai\G\ = ( 3 \Ei\. 

Therefore we get that 

( 6 ) {Txei,Xg) >-^oii\G\ =-l3\Ei\. 

Now we show {i) - {vi). By abuse of notation, we will write T, instead of T. Since 
{Txe^,Xg) = {xei,T*xg) >l^\Ei\, we can dehne a set 

(7) El = {yeE,: T*XG{y) > /d/4}. 

Let us set 

G^ = {x eG : Txei{x) > ai/s}, 

considering that 

(TxePXg) = {Txei,Xg) - {Xei\eI,T*Xg) > ^P\Ei\ - ^P\Ei\ = ^l 3 \Ei\ = ^ai\G\. 

Continuing this procedure, we can hnd sequences of sets El and G^ dehned by 

El := El, := G 

U = {!/ e -Bf': rxai-4y) > j = i, • • •,<i 

G' = {xe G^-' : Txei{x) > ai/2"'’+‘}. i = 1, 1. 


We should show that El and G^ are nonempty. It suffices to show that 
(8) {TxEi^X&) > /d|Ei|/22^+' for j > 0. 
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The case j = 0 is clear by ([6]). Let us assume (0) for some j. Then it follows that 
{TXE{+hXGi+i) = {TXE(+XXG:i) - {TXE{+XXGi\G^+^) 
>{XEti,T*x&)-2-^^-^a,\G\ 

> {XEi.T*X&) - {xEi\Ei^xT*x&) - 2-^^-^a,\G\ 

> {XEi^T*x&) - 2 - 2 ^- 2 «i|G| - 2-^^-^ai\G\ 

> 2-^^-^ai\G\ - 2-^^-^ai\G\ - 2-^^-^ai\G\ = 2-fo'+^fo^/3|Ei|. 

This gives the claim ([8]) by induction. 

Now we dehne 


(9) 


zt) := ^(-iy+^k(z.i), k>l. 

t = l 

Fix yo G C By and set 

P, = {zyeA\B^:yo + H,{zy) G G""'}, then a{P,) = T*Xg^-i(2/o) > /9/2'" 

For all Zi E Pi, we also set 

P 2 = {^2 ^ ■ l/o+-^ 2 (^i; ^ 2 ) ^ -E'l ^}, then (t{P 2 ) = Tx^d-i(|/o+Tri(zi)) > ai/2 

Through the iterative process, we obtain that for fc = 2, 3,..., d — 1, 

P2k-1 = {Z2k-1 G A \ : I/O + H2k-l{zi, . . . , Z2k-l) E G^ 

P2k = {Z2k G A \ : I/O + H2k{zi, . . . , Z2k) £ -Ff 

Finally we set 

P2d-l = {Z2d-1 ^ A \ : yo + H2d-l{zi, . . . , Z2d-l) £ G}, 

P2d = {Z2d £ A \ Ba^ : |/o + H 2 d{Zl, . . . , Z2d) ^ -E' 2 } 
where B^^ = { 2 ; G A : | 2 ;| < (dTrz/)”^^^}- Then it follows that for /c = 2, 3,..., d — 1 
a{P 2 k-i) = T*XG-^Myo + H 2 k- 2 {zi, . . . , Z 2 k- 2 )) > 

(z{P2k) = PXE^-'^iyO + H2k-lizi, • • • , Z2k-l)) A Oti/2^^^ 
provided Zj E Pj. We also have 

0'{P2d-l) = T*XG{yo + H2d-2{zi, . . . , Z2d-2)) A /5/2^, 

and 


2d-l 


(T{P2d) = 


A\Bc (2 


X£;2(do + H2d{zi, Z2d))d(j{z2d) 


> j XE^iyo + Fr 2 d( 2 ;i,..., Z 2 d))da(z 2 d) - cr{Ba^) > -aa 

since |/o + Bl2d-2 G B\ and yo + H2d-i G G. Hence we get a sequence of sets Pj, 
I < j < 2d, in which \zi\ > 7 *^, 1 < f < 2d and | 2 ; 2 d| ^ Thus we obtain 
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To prove {iv)-{vi), we will consider subsets of P/s which maintain the properties 

Let Bp{zj) = {z G A : \z — Zj\ < } for a sufficiently small 

constant Cq > 0. Suppose i is odd and j < i < 2d. If \z\ < c\zj\ for all z E Pi and a 
constant c > 0, then 

f 4K 

a{Pin Bfi{zj)) = / \z\‘^^'i+^^dfi{z) < {c\zj\)‘^(‘^+^)iJ,{Bi3{zj)) < Ci^ 

JPinBpizj) 

AK 

where Ci = 27rc'^c+i) Cq. Since cr(Pj) > when i is odd, we have a{Pi\Bi^[zj)) > 

^j 22 d-ip\ — Cl(3 > if we choose sufficiently small Cq > 0. (Thus (i) still 

holds for Pi \ Bp[zj).) If \z\ < c\zj\ is not valid for all z G Pi, we use the fact that 

1 1 -2K 1 -2i<r 

\zj\ > (47ri^)“^7^ for Zj G Pj. It follows that (47rz/)2|fo| > 72 > /32 d{d+i) ^ 

1 -2K 1 

and then \z — Zj\ < cq/S 2 '*('*+!) < co{4:7riy)2\zj\ on Bi 3 {zj). In this case, we also 

obtain a{Pi \ B/s{zj)) > since |2;| < (1 + Co(47rz/)^/^) |fo|. Thus we conclude 

that (iv) holds in any case. 

When 1 < i < 2d is even, we can also obtain (n) by replacing (3 with ai. 

To show {vi), we consider two cases for each j < 2d. If \zj\ < 1(47112) ‘'a 2 , then 

\z 2 d - Zj\ > ^\z 2 d\ > sfoce \z 2 d\ > and u = 

d{d+l)/[4K + 2d{d+l)]. If \zj\ > l{47ru)-''a^, i.e. |(47rz/)-i/2a^/2|2^|-2^/I'^('^+b] < 
\zj\, it follows that for 2 ; G Ba^izj), the inequalities \z — Zj\ < < 

2co(47rz/)h2|2;^.I imply that \z\ < (l + 2co(47rz/)^/^)|fo| for 2 ; G Ba^{zj). By this we have 
that 

f 4K 

a{Ba^{zj))= \z\<i('i+^)dfi{z) 

J Ba2 {zj) 

1 4K Ak 

< (1 + 2co (47rz/) 2) d(d+i) I Zj I ‘*c+i) x /i(P„2(fo)) 

1 4jf AK „ AK 

< (1 + 2co(47rz/)2)'i('i+i) X TiCQa2\zj\ “^c+i) 

= C 1 CI 2 


1 4K 

where Ci = vrcfol + 2co(47rz/) 2 ) <i{d+i) . Choosing sufficiently small Cq, we can get 
(T{P 2 d \ Ba^{zj)) > 02/4. Once again, {iii) holds for P 2 d \ Ba 2 izj) in place of P 2 d- 

- 2jC 

Hence \z 2 d — Zj\ > coa||fo| when \zj\ > a^. This completes the proof. □ 


To prove Lemma IXTl we consider two cases (3 > ai and (3 ^ ai. First let us 
assume {3 > ai. Let <F2d = {{zi, Z 2 ,..., Z 2 d) '. Zi E Pi where 1 < f < 2d}. We 
dehne Zq = {zi, Z 2 ,..., Zd) E ^d and 4) := {2; G : {zq, z) E 4>2d}. Note that 
(t(4>) ~ f3‘^B ci 2 when d is even, and ct(4>) ~ I3^^~^'^^'^a2 when d is odd. 

For d >2, let 




1 + 3 + • ■ ■ + (d — 1) if d is even, 

2 + 4 +-h (d — 1) if d is odd. 


The following lemma gives Lemma [3.11 whenever (3 ^ ai and > (d — 1). 
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Lemma 3.4. Let d >2. Assume the hypotheses in Lemma IS. 1[ Then 


d{d+l) 
^ cii ^ 




Proof. We assume that d is even. The proof is similar when d is odd. Let H{z) := 
I/O + H 2 d{zo, z). By Lemma [221 we have 


\E 2 \> / \JRH{z)\dfr{z)= / \JcH{z)\^dfr{z) 


> 



max 

d+l<i<2d 


Zi 


n \Zj - Zi\^dpL{z), 
d+l<i<j<2d 


where J^H is the real Jacobian of H in 

Using iiv) - {vi) in Lemma l373l we obtain that 


\E2\ > 


X 


max Zi 

. d+l<i<2d 


2d-2 2d-l 

\2K I I I I d(d+l) i'^d-i-l) 


n 

i=d-\-l 




n i I c ■ I I (1 : ■) 

\zfd(d+i)^J\z^^\d(d+i)(^ 

j=d+l 


dfi{z), 


= a^ 


d(d-l) f ^ 2+4+-+(d-2) d-l 


Ot\ J \ Dl 

2d-l 


X 


X / max \zi\^^ TT \^id+r)T.lidXiA ^Adjaiz), 

/, ' ' XX ' ' ' ' / V / ? 


, d+l<i<2d 


i=d-\-l 


where Sj = 0 if \zj\ < and Sj = 1 if \zj\ > |(47ri/) for d + 1 < j < 

2d - 1. It is clear that maxd+i<i<2d \zi\‘^^ > when Yntd+i We 

can choose dd* > 0 such that 


Ki = 


2K 


d(d + 1) 


(1 + (2d — i — 1) + 6j) 


where d+l<i<2d — 1, and 


K2d = 


2K 


2d-l 


d(d + 1) 


(1 + ^ (1 “ u )), 


i=d-\-l 


where = 0 or 1 for d+l<i<2d — 1. 
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Then we get that 

d(d—l) 

\E2\ > a— 

d(d-l) 
= ^ 

d(d-l) 

d(d+l) 
~ ai ^ 

when d is even. 



□ 


3.1. The band structure argument. To handle the case jS <C ui, we modify the 
original band structnre argnment dne to Christ [9]. We also refer to the works by 
Stovall |ni] and Gressman [20], which treat the degenerate cases. 

We begin with recalling some dehnitions to describe the band strnctnre argnment. 
We shall decompose an index set into snbsets called bands. In each band, the even 
index or 1 is a ‘free index’. If there is no even index or 1, the smallest index is the 
free index. If a band has only two indices, the other is a ‘qnasi-free’ index, and we 
say that the qnasi-free index is qnasi-bonnd to the free index. If a band has more 
than three indices, the other indices other than the free index are bonnd to the free 
index. 

The following lemma is a variant of the real case considered in j31j . 

Lemma 3.5. Let e > 0. There exist parameters 6,6' satisfying 0 < < 6' < e6, 

a constant c, an integer d < k < 2d, a set u <Z with cr{uj) > (02/01), 

and a band structure on {2d — k + 1,..., 2d}, such that the following properties hold: 
(i) There are exactly d free or guasi-free indices. In particular, each even index is 
free. 

- X 

(a) \zi — Zj\ > 6a}\ziZj\ d{d+i) ^ unless i and j lie in the same band. 

\ _ K - _ K 

(Hi) c(3'2\ziZj\ < \zi —Zj\ < 6al\ziZj\ ^1^+17 whenever i is guasi-bound to j. 

(iv) 6'a}\ziZj\ rfP+Tj > — Zj\ whenever i is bound to j. 

Proof. It is not enongh to arrange the absolnte valnes of zi,...,Z 2 d in order, since 
two variables with the same size can be separated. Thns onr approach is slightly 
different at the beginning. We start by observing that Zj’s for even j are separated 
from each other. In other words, all the balls centered at zj for even j can be made 
mntnally disjoint by choosing the radii appropriately. 

Step 1. By Lemma 13731 there exist constants c snch that 

i K 

(10) \Zi — Zj\ > COi \ZiZj\ rfP+TJ 

for all even indices j < 2d and for all i < j. In fact, we have that \zi — Zj\ > 

i _ 2X _ 

<Ti l^il for even j < 2d — 2 and i < j hy (v) in Lemma 13731 If \zi\ < \zj\, it 
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1 _ K 

follows that \zi — Zj\ > al\ziZj\ a^+i). If \zi\ ^ \zj\, then we get \zi — Zj\ > \zi\ ^ 
\zj\. Since \zj\ > (47rz/)“'^7'^ by Lemma and v = one can see that 

1 _ 2K_ 1 K 

\^i ~ ^j\ ^ \^j\ ^ 3> a2\ziZj\ rfP+H. 

Next, let ns consider the case of j = 2d. If \z 2 d\ ~ for any i < 2d, then {vi) in 

_ 1 _ K 

Lemma 1331 gives \z 2 d — Zi\ > \ ziZ 2 d\ (Note that we are assnming here that 

Di < D 2 -) For the case \z 2 d\ ^ \zi\ or \z 2 d\ 3> \zi\, we see that \z 2 d — Zi\ > \z 2 d\ = 
|2;2^|^+d(d+T71^;^!d{d+T) Since \z 2 d\ ^ 0^2 — 0^1 \zi\ > 7*^ > Q!i for i < 2d, 

it follows that 


Z2d - Zi 


> 

r\j 


u(l+ 

ai 


2K \ 
d(d+l) > 


_ K 1 

ZiZ2d\ Ad+I) = al\ZiZ2d 


K 

d{d+l) 


Therefore, (HUD is valid for any even j and i < j. 
Similarly, there exists a constant c > 0 snch that 


( 11 ) 


> c(3{ 


ZiZd 


K 

d{d-\-l) 


for any odd j and i < j. 

Let us dehne a ball centered at Zj with small 5 < c, to be chosen later, by setting 
B5,ai{zj) = {z : \z - Zj\ < dal\z Zj\~^^(^}. 


For each even index j, let b{j) be a subset of {1, 2,..., 2d} such that 


• J e b{j), 

• Ji e b{j) if Zj^ e Bs,a-,{zj), 

• Jk+i e b{j) if Zj^^^ e Bs,a:,{zj^) for some jk G b{j). 

If there is no ji such that Zj.^ E Bs^ai(zj), then we set b(j) = {j}. 

First we show how to construct 6(j) for each even j. By flTUp . b{2d) = 
In fact, we have that 


1 K 

Zi- Z2d\> Cal\ZiZ2d\ 


{2d} holds. 


for all i < 2d. 

For Z 2 d- 2 , (HUD holds for all odd and even i < j = 2d — 2. On the other hand, 
Z 2 d-i may be contained in Bs,ai{z 2 d- 2 )- In general, each odd i may be contained in 
either exactly one Bs^aiizj) satisfying i > j or none of them. Then each Bs^aiizj) may 
contain odd indices greater than j. Those odd indices belong to b{j). If Bs,ai{zj) has 
no odd index, then let b{j) = {j}. 

Let ji be one of the odd indices contained in b{j), and consider Bs^aiizj.^). If there 
exists an odd index i such that Zi E Bs^aiizj.^^), then we denote it by j 2 (of course, 
J2 G b{j)). For Zj^ we consider Bs^aiizj^) and repeat the process as above. Hence, 
each b{j) consists of a unique even index j and some odd indices greater than j. 

Now we consider indices which belong to none of the b{j) for even j. In this case, 
we choose the smallest index among the remaining indices. By flTUp this index must 
be 1. In fact, Bc/s^aiizi) is disjoint from the other Bc/ 3 ,ai{,Zj) for even j. By choosing 
sufficiently small 6, it is valid that Bs^aiizi) C Bc/ 3 ^ai{zj) for all i G b{j). Then we 
can construct 6(1) in the same manner as above. 
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If there are still remaining indices, we choose the smallest one and repeat the 
procedure. By this we can construct bands for odd indices. 

Hence the index set {!,... ,2d} can be decomposed into the bands &(j)’s. Here 
j represents the free index in b{j). Each b{j) has less than d elements because of 
ffTOj) . (The case where b{j) has d elements can only occur when fe(l) contains all odd 
indices.) Also the free index is the smallest in the band. 

Now we can check that the properties {ii) and {Hi) hold. Let us assume that 
j' G b{j) and k' G b{k) for j ^ k, i.e. j' and k' are in different bands. From the 
construction of b{j) and b{k), it follows that Zf ^ and Zk' ^ This 

immediately implies {ii) for j' and k'. 

If i' is quasi-bound to j, i.e. b{i) = {j,/}, then f must be an odd number. Hence 
{Hi) follows from the construction of b{j) and flTT]) . 

Step 2. First, we need to verify that \z. 

ik I I ^jk I whenever jk,jk+i G b{j). Since 
^jk+i ^ and \zj\ > {4:7ih')~‘'ai for all j, it follows that 

1 K 

\^jk \ > \^jk + l\ - \^jk - ^jk + l\ > ki/c + ll - 

> ktfc+il - caf{al'^)~^ = \zj^^^\ - ca^', 

where c = Thus we have that \zj^_^_-^\ < ca^ -|- \zj^\ < { 5 {A'kv)^B _|_ 

l)\zjj. If we exchange and then it also holds that \zjj < ((5(47rz/)^/^ -|- 

Hence we have that for any jk,ji G b{j) 

( 12 ) \zj^ \ < (1 + c)\zj^^^ \ < (1 + c)‘^\zj^^J < • • • < (1 + c)%^\, 

where c = 5(47rz/)^/^. (Note that each b{j) has at most d elements.) By exchanging 
Zj^_ for Zj^, we hnally get {1 + c)~‘^\zj^ \ < \zj^, \ < {1 + c)‘^\zj^\. Therefore we obtain that 

(13) I Zjk I \zj^\ whenever jk and ji are in the same band. 

(The implicit constant can be adjusted by choosing sufficiently small <5 when we use 
(1T3|) in the proof of Lemma [3.61 1 
If jk is bound to j, we see that 

\Zj, -Zj\< \zj^ - Zj^_^\ + • • • + jzj, - Zjj 

1 K 1 K 

< 6ai \zj^.Zj^._^\ ‘*(‘^+ 1 ) 6ai \zjj^Zj\ 

< 6aid{l -f c)^I Zjf,Zj I~‘^(‘^+1) 

by flT^ . Then {iv) is not guaranteed. If {iv) holds on a subset Z' C Z := Pi x P 2 x 
• ■ ■ X P 2 d with (j{Z') > a{Z)l2, then we proceed to the next step. 

Otherwise, there exist a subset Z” C Z satisfying cr{Z") > a{Z)/2, a band 6(j), 

i — K 

and an index jo such that {zj^ — Zj\ > d'a^Zj^Zj] Then we replace 6 by 6'/d, 

with which we repeat Step 1 until we get 

(14) \zj^-Zj\< 5'aj I Zj^Zj I ■ ^ 

for each bound index jk G b{j) on a subset Z ^ Z satisfying ij{Z) > a{Z)/2. 











14 


HYUNUK CHUNG AND SEHEON HAM 


Step 3. Adopting the notations in [9], we denote by Ad, AA the number of free and 
quasi-free indices, respectively. We have at least d + 1 free indices, which are even 
indices and 1, from the previous steps. Using a projection repeatedly, we will reduce 
the value M. +N' to d, which yields (i). First, we discard the index 1 by hxing zi G Pi 
and classify {2,..., 2d} as free, quasi-free and bound indices. Then the number 
M. + M can decrease by 1. Of course, it can be unchanged or increased by 1 when 
1 was the free index of a band with two or three elements. After discarding indices 
{ 1 , 2 ,..., 2d—/c} appropriately, we obtain a band structure on {2d—/c-|-l, ..., 2d} with 
M. + M = d. Note that discarding an index does not affect properties {ii) — {iv). 
We denote by ca G a set of {z 2 d-k+ii • • •, ^2d) £ P 2 d-k+i x • • • x P 2 d such that 
(j(a;) > ca{P 2 d-k+i x ■ ■ ■ x P 2 d) is valid for some constant c < 1. Thus we obtain 
a{uj) ~ a{P 2 d-k+i X • • • X P2d) > af {a2/ai). □ 


3.2. The slice argument. Let A = {Ai,..., A^} C {2d —fc-l-1,..., 2d} be a set of all 
indices which are free or quasi-free. Also we set r = (ti, ..., r^) G with r* = z\^, 
Xi G A. For A} G A' := {2d — k + 1,..., 2d} \ A, 1 < j < /c — d, there is a free index 

2K 

Aj G A to which A' is bound. Let Sj = (zy. —zxjz'^^^^ and s = (si,..., Sk-d) ^ 

It is clear that the map z := {z 2 d-k+i, ■ ■ ■ ,Z 2 d) (u, s) is a diffeomorphism, so its 

inverse z{t, s) exists and is differentiable. Set xo + P 2 d(zi, ■ ■ ■, Z 2 d-k, z) =: H{z{t, s)), 
then H{u) C E 2 for u as in Lemma 1331 (Recall that H 2 d is dehned in ([9]).) 

For any s G we consider a slice a;* = {r : z{t, s) G cn} C C'^. By the 

construction of P 2 d in the proof of Lemma [23] {z 2 d is clearly one exponent of r), 
H{us) is contained in E 2 for each s. By Bezout’s theorem, for each s G there 
are hnitely many preimages under the map r i-A H{z{t, s)). Thus we have 


(15) 


1 > f 

(dH(z{r.s))\ 

JiOs 

V dr / 


The following lemma gives a lower bound for the integrand in (lT5i) . 


Lemma 3.6. For a given e > 0, there exist a band structure on {2d — k + 1,..., 2d} 
and a set to which satisfy Lemma lSTR Then for all (r, s) G to, and for some C > 0, 

d-l d 

n 


(16) 


det 


f dH{z{T, s)) 




dr 


2 d{d-i) 

> Ca. ^ 


aij 


Q.I 


r,- 


4K 

I d{d-\-l) 


i=l 


holds. Here Af is the number of quasi-free indices associated to u, and e and C depend 
only on d, S by Lemma lTR 


We postpone its proof for a moment and prove Lemma 13.11 


Proof of Lemma \3.1i By integrating both sides of (IT5|) . and by flT6|) . we see that 


d{d-l) 

\E 2 \dpis) > ^ 


' {s:2(T,s)Sa;} 


/ \ d-l 

0(2 


0(1 


da{T)dp{s). 


' {s: 2 (r,s)G(.j} JuJs 


For any s = (si,..., s^-d) G satisfying z{t, s) G to, 

2K 1 K 2K 1 

IA'I = - Zxi\\zy\^^^^ <dal\zx'ZXi\ W^\zy\^^tdTp <Sal 
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by (dl) and ([I3]). It follows that ~ 

By reversing the change of variables (r, s) e-)■ z, we obtain that 


da(T)d/u(s) = 


since 


/ 1 w 2JC 

/ II |ridc+i)d/i(r)d/i(s) 

J {s:z(T,s)ecj} JlJs J {s:z[t,s)Gcj} dujj, 

„ k—d d 

I T —V 2.Rr T —r 2/C 

~ / II kA'II = cr(ci;) 

i=i ' i=i 

\d(d+i) by Thus we conclude that 


iff-' (^. 

Since Af + \_k/2\ < d — 1 and (3i ai, this gives Lemma ITTI 
Proof of Lemma \S7R Recall that Tj = z\ for A* G A and Sj = {zx'. — zxfjz'^. 


□ 

d{d+l) _ 


2K 

. d(d+l) 


Then 


(^A' - Ti)Tf 

H{z{t,s)) = 

= Xo + H2d{zi, ..., Z2d-k, z{t, s)) 


/ _ 2K 

= Xo + H2d-k{zi,..., Z2d-k) + ^ I + n) 


l<i<d 


j^i 


= Xo + H2d-k{zi, Z2d-k) + X] ( + p) - hiji) I , 


l<i<d 




where j ^ i means A'- G A' is bound to Aj G A, and 6i = (—1)^*+^ + 

Note that 9i cannot be 0. In fact, for each Aj, the number of indices which is bound 
to \i is 0 or at least 2. Also, all the indices bound to each A* are odd. Thus, 
should be at least 2 (or 0 if there is no index bound to i). Hence 9i 

cannot be 0. 

For fixed s, each column of jg gjyg^ by 9ih'{Ti) if there is no j such that 

i i, or 


9^h\T^) + 

j^i 


X 


hfsjT^ + Ti) - h'{Ti) 


2K 

d{d + 1) 





Then by multilinearity, we have 


det 




C Jdij) + error terms. 























16 


HYUNUK CHUNG AND SEHEON HAM 


where C = Jdir) = det(/i(ri),...,/i(rrf)) is the determinant of the 

complex Jacobian of the map (ti, ..., r^) ha 

Our claim is that the error terms can be bounded by 0{e) x | Jd(r)|. If it is proven, 
we can see that | det(^^^|^^^)| > \JdiT) \ by choosing sufficiently small e. Recall that 

\Jd{T)\ ^ max Inl^ TT In - r^l 

l<2<a 

l<i<j<d 

from Lemma [2.21 We may assume that Td = Z 2 d- One can see that, by Lemma f3.5l 
and Lemma [3.31 


n 1^* “ 


> 


d(d-l) 


£ 

Oil 




0L2 

Oil 


d-2 

n 

2 = 1 


'ii(d+l) ^ b 


d-1 

n 

j=i 


I I I 2K I 

|j-^. I d{d+l)^J |7-^| d(d+l)''-^ 


= Cli 


^ A/" , . d—1 ^_9 

/ /5 V f ^2^ " 


0.1 


Oi 


d-1 


|7-.| d{d+i)('^ 1 Ad+u^'^-i 

i=i 


'^d 


d{d+l) 


(1-a) 


2=1 


where Sj = 0 if \Tj\ < and = 1 otherwise. (See (vi) in Lemma [3Rl i 

Also it is obvious that 


max Ird^ > I I 

l<i<d 


\ o\ ? 


l<2<d 


for some Ki > 0 satisfying ££ Ki = K. By choosing appropriate JLj’s to cancel out 
the exponents e/s, we can obtain (IT^ . In fact, one can choose Ki = ££ {d — i + Ei) 

for 1 < i < d - 2, Ka-i = + £d-i), and Ka = Ej) satisfying 

£l^i Ki = K. Hence this gives the desired inequality (ITC]) . 

Now we turn to the error terms. It suffices to consider two types of error terms, 
which are 


(17) det(h'(ri),..., h'(ri_i), + £ - h'(ri),..., h\uj(^d) + Td) - h'(rrf)), 

and 

(18) det(/i'(ri),..., h'(ri_i), '^^^h\uj(^d) + Td)), 

'^d 

2K 

where Uj^i) = SjTi for some j ^ i. 


An estimate for the second type flTSl) . First, we shall hnd an upper bound of flTSl) . 
Note that Mj(j) + Uj = Uj(i) + z\^ = z\i^ such that A' is bound to Aj. (See the dehnition 
of Sj at the beginning of the proof.) Using {iv) in Lemma 13.51 or ffT4|) . we observe 
that 


\u 


lb I 


^A' - 

3 ® 


< e5al\zx'ZXi\ 


K 

■ d(d+l) 


< 


£Sa£i 


d(d+l) 


= eSai 


(19) 
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since we assume that \zi\ > 7 *^ = max{ai,for 1 < i < 2d—l, and \z 2 d\ ^ <^2 ~ *^1 
in Lemma 13731 (Recall that u = d{d + l)/(4iL + 2d{d + 1)).) It follows that 

( 20 ) \uji^i)\ < e6\zxi\ = e6\Ti\ 

whenever j ^ i. 

Thus we see that 

IdUDI ^ det(/i'(ri),..., h'(ri_i), h'{uj(i) + r*),..., h'{uj(d) + Td))|- 

By ffT5]) . we see that 

( 21 ) \Ujil) + ^l\ = kA'I ~ l^vl = \ti\ 

for i < I < d and j i. 

Recall that if h{z) = {z^z"^,, z^~^, z^), then 

( 22 ) det{h\zi),...,h\zd)) = N {d - l)\V{zi,..., Zd) QN-di^i,..., Zd), 

where V{zi,..., Zd) = ni<i<j<d('^i “ complex Vandermonde determinant 

and Qm is a homogeneous monic polynomial of degree m defined by 

,Zd) = 

<2.1 H- \-a(i=m 

We refer to Section 3 in [1] for further details of fl22|) . 

If we set zi! := zy, = uj^i) + n, we obtain that 

IdUDI < {e5Y~"^^\V{Ti, . . .,Ti-i,Zi>, . . .,Zd')\ X \QN-d{Tl, . . .,Ti-i,Zi>, . . .,Zd')\. 

We hrst show that 

(23) \V{Ti,...,Ti-i,Zi>,...,Zd')\ < |V(ri,...,rd)|. 

To see this, we will show that \Ti — zii\ < |rj — r;| and |zj/ — zi/\ < |rj — p| for i 7 ^ 1. 
By the triangle inequality, it suffices to show that Ir^ — ^ ^luj — Uzl for i 7 ^ /. 

If |rj| <C lul or |rz| <C |rj|, we have |rj — ti\ > |rz|. By fl2UD we also have that 
It “ T'I ^ £d\Ti\. Hence we obtain that \ti — zii\ < e6\Ti — ti\ as desired. 

If \Ti\ ~ \ti\, then (1141) and (l2B gives 

1 K 1 2K 1 K 

— zii\ < e5al\TiZii\ ~ (|rz|) ~ edal \ TiTi\ 

< e\Ti - Ti\. 

Here the last inequality holds by [ii) in Lemma 3.5 since i and I are in different 
bands. Hence we obtain (ESj. 

Also, we obtain from (| 2 TD that 


IQN-dYl, ■ ■ 


■ ■,zd')\< Y1 


1 rr 1 ^i—1 \ 'Y . 

\ ^i—1 \ \ \ * * * 1 ^d' 



<2iH- \-aci=N—d 





~ E 

inr^-- 

■ |rrf|“'^ < max 

l<i<d 



(i \ d —TV —d 
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Therefore it follows that 


1 (1111)1 


d—i+l 


max 

l<i<d 


\Ti\^ ‘^\V{Ti,...,Td)\<{e6Y 


This hnishes the error estimate for the second type. 


An estimate for the first type flTTl) . We can write 


rUj(i)+ri rUj(d)+Ta ^ Q 

m=l ■/ n 




1 = 1 


dn 


det(h'(ri),..., h'{Td)) dQ--- dQ- 


Tl=Ck 


By ([22]), we get 

d 


n 


A 


det(h'(ri),...,h'(rd)) 


n=Ci 


= N {d-l)\ Qjv_d(ri,..., Tj.i, 0,..., Cd) JJ 


L=l 

d 


=:I + IL 


l=i 


A 

A 


V{Ti, . . .,Td) + 


Tl=Cl 


Qw-di^i, ■ ■ ■ ,Td) 


n=C,i 


First, we consider the following product of derivatives of the Vandermonde deter¬ 
minant: 

l=i 

which is given by a hnite sum of terms V(ri ,... ,Td)/ nf=i(T — 'Tm{i))- Here, m{l) is 
an index strictly less than 1. Then |/| is bounded by terms such as 

N{d- 1 )! |Qjv_d(ri, ■ ■ ■ ,ri_i,Ci, ■ ■ ■ ,Cd)H(ri, ■ ■ ■ ,ri_i,0 ■ ■ ■ ,Cd)l 

ni=i 10 ~ Cm{i) I 

Note that Cm(z) = 'hn(z) if m{l) < i — 1. To handle the denominator, we need to make 
some observations. Since (i is on the line segment between p and Uj(i) + T, we see 
that Id - 01 < \uj{i)\- If Id I < It^dI or |Dn(z)| < Id I, it follows from that 

Id - 01 < Wj{l)\ < e5\Tl\ < e5\Tl - Tra{l)\- 
If Id I ~ |Dn (/)|5 then flT^ (with flT^ l and {ii) in Lemma ESI gives that 

1 2K i K 

Id - 01 < \uj(i)\ < edal |d| ~ edal |D'rm(p| < £|d - Tm(i)\- 

Hence we obtain that |d — 01 < ^|d — 'Tm{i)\- In Hie same way, one can see that 
|Em(z) — Cm(ol < ^Id — T‘m(ol for m{l) > 1 . By this and the triangle inequality, it 
follows that 

10 Cm{l) \ ^ |D Dn(/) I 

for 1 < m{l) < I < d. 
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Once again we consider two cases. If \ti\ <C |Tm(z)| or \Tm{i) \ <C \ti\, 

1 2K 

10 - Cm{l)\ > \Ti - Tm{l)\ > \Ti\ > \Ti\ , 

d{d+l) 

where the last ineqnality is from the fact that \ti\ > If |u| ~ |Tm(/)|, 

it follows from (ii) in Lemma 13.51 that 

I _ K 1 _ 2X 

\Cl-Cmil)\>\ri-Tm(l)\>Sa^\TiTm(l)\ A^+D ~ Sa^\Ti\ <*('^+0 . 

Thus we obtain that 

d d 

n 10 - Tm(l)\ > 

l=i l=i 


Also, the numerator can be bounded by \Jd{T) \ by following the same argument as 
the second type estimate. 

As a result, we obtain that 




'*'^j(d)~^'^d 


I dCi--- dCd 


'Td 


<\Ur)\ 


ni=i i%(oi 


<\Ur)\ 




j ±. _ ^n. 

nf=i|r;|~‘^c+u 
Uti dal\Ti\~^^ 


The last inequality is valid by flT^ and ([2T]). 

Now we consider an estimate for II. Using the dehnition of the monic polynomial, 
we see that 


d 

^QA-d(Tl, • • • ,Td) 


E n 

0-1H- \-a(i=N—d] \l=i 

di ,. 


ai 1 rr ...r“!iVf 0 • • 


< 


maxi<i<d \Ti 

UlM\ 


N-d 


Also, the fact that |U(rj,..., Tj-i, 0) • • • > Crf)I ^ • • •, Ud)| is already obtained. 

It follows that 


1 ^ (d - 1)! |U(ri,..., Td) 1 maxi<i<rf 

It 

\N-d 

< 

\Mt)\ 

nt. 1 

It 

~ nt. 1 

t| 


and then 




IIdCi---dCd 


'n 


’Td 


< 

r\j 


^.iWinW:£L'5)"'"IVWI 


l=i 




by ([20]). Hence the error terms of both types can be bounded by 0{e) x | Jd(r)|. This 
completes the proof. □ 
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4. Lemmas for optimal Lorentz space inequalities 

In this section, we prove Lemma [4.11 which is crucial to show the (nearly) optimal 
Lorentz boundedness of T. (See Lemma A.2.) 

Lemma 4.1. Let Fi,F 2 ,E C be measurable sets with finite measure. Suppose 
that 


T*XFiiy) > f3i and T*XF 2 {y) > 1^2 


for ally & E and {di < fi 2 - Suppose that a* fori = 1,2 such that {T*XFi,XE)/\Fi\ > 
and 02 < «!• Then there exists a constant C > 0, depending on N and d, such that 

\F2\> 

where ri + r2 = si + S2 = d, and ^ ^ — 1 > 0. 

^ ’ Qa Id 


Proof of Lemma\4.1\ Similarly to Lemma I3A| we need the following to prove Lemma 

sn 

Lemma 4.2. Let 71 = max{Q!i,/li}, f = 4 x+ 2 d(d+i) • There exist a point yo in E, a 
constant C > Q, and a sequence of sets Pi,, P 2 d-i in ^ such that 

(i) cr{Pj) > Cfti for odd j < 2d — 1, 
fa) aiPP > Cai for even j <2d — 1, 

(^^^) Cj{P2d-l) > C(d2, 

and \zj\ > far zj E Pj for I < j < 2d — 2, | 2 ; 2 (i-i| > fdlf. 

Also there exists a positive small constant c such that 

- -2K 

(iv) if Zj E Pj for odd j < 2d — 1, then \zj — zf > cf3f \zi\<<^+^'^, where i < j , 

- -a-y 

(v) if Zj E Pj for even j <2d — 1, then \zj — zf > caf \zi \ ^ where i < j, 

- -2-^ 

(vi) for Z 2 d-i e P 2 d-i and j < 2d - 1 , \z 2 d -1 - Zj\ > cl3f\z2d-i\'^^’^ if \zj\ < 

1 1 -2K 

fLf, and \z 2 d -1 — Zj\ > if \zj\ > . 

We begin with the easy case (di > ai. Let ^ 2 d-i = {{zi, Z 2 , ..., Z 2 d-i) ■ Zi E 
Pi where 1 < i < 2d — 1}. We define Zq = (zi, Z 2 , ..., Zd-i) and 4) := { 2 ; G C'^ : 
(zo,z) E 4)2rf_i}. Note that ct(4>) ~ {132/fif). For d>2, let us dehne 


a'd — 


1 + 3 + -- - + (i ifdis odd, 

2 + 4H- \- d ifdis even. 


Then the following lemma is obtained by the same argument as in the proof of 
Lemma 13.41 


Lemma 4.3. Let d >2. Assume the hypotheses in Lemma f.L Then 

Ad+l) f f 02 ^ 

\F2\>ai^ ^ ^ 


O'! 


/Si 
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Since j3i > ai, this implies Lemma 14.11 In fact, (/3i/ai)“rf > and 

W 2 /I 31 Y — { 1 ^ 2 /l^iY by the assnmption {32 > (3i of Lemma HTTl 

Now snppose that Pi ai. In this case we obtain the following lemma similar to 
Lemma 13.51 


Lemma 4.4. Let £ > 0. Then there exist parameters 6, 6' satisfying Cd^e < S' < e6 < 
ec, a positive constant Cq, an integer d < k < 2d, an element Zq, a set u C. with 


(24) 




a{uj) ~ P 


1 


5 


and a band structure on {2d — k,... ,2d — 1}, such that the following properties hold: 
(i) There are exactly d free or guasi-free indices. In particular, each even index is 
free. 

(a) \zi — Zj\ > Sal\ziZj\~^/'^'^'^^^\ unless i and j lie in the same band. 

1 1 

(in) CoPf\ziZj\~^^‘^^'^^^'> < \zi — Zj\ < whenever i is guasi-bound to 


j- 

1 

(iv) S' al\ziZj\~^ > \zi — Zj\ whenever i is bound to j. 


Note that may be dednced from (i) — (Hi) in Lemma W7I\ 

Now suppose that P 2 ^ 0 . 1 . It follows that 2d — 1 must be a free index without 
quasi-bound and bound indices after carrying out Lemma 14.41 Thus ffT6|) will be 
modihed as follows: 


det 




> 

r\j 


a 


d{d-i) 

2 

1 



AK 

I d(dTTj 


where J\f is the number of quasi-free indices. Similarly to the proof of Lemma 13.11 it 
follows by (]24jl that 


iFol > 


a 


d(d-l) 

2 

1 


<Tl/ V*^! 


d-l 


a 


('I 


d(d+l) 
= ^ 


-) 

aij 


A^+r|i 


0^1 


d-l 




Since 2d — k, 2d — 1, and all even indices between 2d — k and 2d—l are free indices, 
the number of free indices is at least L|J -|- 2. Hence A/" < d — 1. Since we 


d{d-l) 

have P 2 > cq, we conclude that IF2I > ^ P^ /9|. This satishes the relations in 

Lemma 14.11 

We assume that P 2 ai- Then the index 2d — 1 may not be free. The number 
of free indices is at least L|J -|- 1, which means M + \^'\ < d. One can see that this 
is not enough for the desired bound. So we follow the argument using a two-stage 
band structure due to Stovall EDI. 

Let !B(2d — 1) be the band containing 2d — 1 after carrying out Lemma [4.41 Now, 
we decompose !B(2d— 1) into sub-bands as follows. For c > 0 and Cd^e in Lemma WM 
there exist p and p' such that Cd,e < p' < ep < S', and a subset co' of to satisfying that 
cr{to') ~ cr(a;). Then the following properties hold: 
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(i) \zi — Zj\ > p'^\^‘^\ziZj\ unless i and j lie in the same band. 

(ii) < \zi — Zj\ < whenever i is qnasi-bonnd 

to j. 

(hi) p''-)\^‘^\ziZj\~^/^^‘^^'^'> > \zi — Zj\ whenever i is bonnd to j, 

for i,j G T>{2d — 1 ), 72 = max{a 2 ,/ 32 } and some constant cq > 0. 

After this step, the nnmber of free and qnasi-free indices in {2d — k,... ,2d — l} may 
increase. Then we repeat Step 3 in the proof of Lemma 13.51 (the step of eliminating 
some indices) nntil we get exactly d free and qnasi-free indices in {2d — k',... ,2d — l} 
for some integer k'. By abuse of notation we will write k instead of k'. 

Let Fi and Qi be the number of free and qnasi-free indices which are contained 
in {2d — k,... ,2d — l}\®( 2 (i — 1 ). Also, let F 2 and Q 2 be the number of free and 
qnasi-free indices which are contained in F>{2d — 1). Note that F 1 + Q 1 + F 2 + Q 2 = d. 
We set M = F 2 + Q 2 , and the number of elements of 'B{2d — 1) is denoted by N. 
Then N — M denotes the number of bound indices in ‘B{2d — 1). 

The case when F>{2d — 1) = 2(i — 1 is the same as the case (32 ^ cq above. Hence 
we consider the following three cases: 

( 1 ) 2 (i — 1 is free and there is at least one free index other than 2d — l in 'B{2d — 1). 

( 2 ) 2 (i — 1 is qnasi-free. 

(3) 2(i — 1 is bound to some j in ‘B{2d — 1). 

Case (1). Since we are in the case that 2(i — 1 is free, we have Fi + F 2 > [|J -|- 2 . 
In this case, we get the lower bound of Jacobian (fT 6 |) as follows: 


det 


^ dH{z{T, s)) ^ 



4K 

d{d-\-l) 


In addition, note that (t({s : z{t, s) E o;}) is bounded above by 
this case. Thus, by combining these, we obtain that 


N-M 


111 




\aiy V«1/ \l2j 


F\ 


Q2 / \ M—N / n 

72 \ ( P 2 


d{d+i) \ Qi+Q2 + r|l-i /^ \ 

“ ^ V«i/ V«i/ V«i 


0(l 

P 2 


/Si 


The last inequality holds, because N — M > 0 and 72 ai. Since 2(J — 1 is free, we 
have that Qi J- Q 2 + [f 1 — 1 ^ Qi + Q 2 F Fi F F 2 — 2 = d — 2 . 

then we may write ( 72 /a. 
Then we have that IF 2 I > (31^(32^ with ri = d{d — l)/2, r 2 = 0 and 


vki vki 

Si = Qi J- Q 2 + ^ “ 1 , S 2 = d — Qi — Q 2 — — + 1 . 






















CONVOLUTION ESTIMATES FOR MEASURES ON SOME COMPLEX CURVES 


23 


It is easy to verify that the relations of r’i,'r 2 , si, S 2 in Lemma 14.11 are valid by the 
fact that S 2 > 2 implies S 2 lq'fi > 1. 


If M(M-i) > d-Q^-\ |], we may write 
Then 1^21 > holds with 




d-0i-Q2-r|l ^^^^+Ql+\%^-d 


Qin 


did+l) MiM-l) ^ 

^-^- Qi- 


k^ 

2 


^ + Qi 


fci 

2 


-d, 


51 — Qi + Q2 + 

52 = d — Qi — Q2 — 


1 , 


+ 1 . 


It is easy to check that ri + r 2 = d{d — l)/2 and si + S 2 = d. Now let us verify 
^ 2 /qd ~ 'f' 2 /qd — 1 > 0. Since 2d — 1 is free and is the largest index, we see that 2d — 1 
has no quasi-bound index, hence Q 2 < (M — l)/2 . Also it is valid that Qi + \k/2\ < 
d — M -|- 1, since Fi is at least \k/2 \ — 1 and d = Fi -|- Qi -l- T 2 -|- (^2 = -^1 + Qi + M. 
Hence we see that S 2 /q'd — r 2 /qd — 1 > (Af — l)/2 — l/q^ — {M — lY/2qd, which 
is positive for all 2 < M < d/2 + 1. Here, we may assume that M > 2, because 
!B(2d — 1) contains at least two elements. Then the least element and 2d — 1 are 
free. Also, we get M < d/2 -|- 1 from the fact that Qi + \k/2'\ < d — M + 1 implies 
M < d— \k/2~\ -|-1 < d/2-|-l. By the concavity, (M —1)/2 —l/g^ — (M —l)^/2gd > 0 
if it is positive when M = 2 and M = d/2 -|- 1. For the case M = 2, the condition 
d > 4 is necessary. Thus we conclude that S 2 /dd “''"s/dd — 1 > 0 holds for all possible 
M whenever d > 4. 

When d = 3, one can see that the only possible cases are k = 3 and all indices 
3,4, 5 are free. (Note that 4, 5 should be free by the assumptions.) Thus Qi = 0 and 
then M(M — l)/2 = d — Qi — fl] since M = 2. We will consider more general 
curves in Section 5. 

Case (2). When 2d — 1 is quasi-free, we have that Ai -|- F 2 > [|J + 1- In this case, 
the lower bound of Jacobian (fT6|) can be modihed as 



Then it follows that 


d(d-l) 

\F2\>a, = 


M(M-l) 

Ol 


A 


Oil J 


Q 2 —1 


A 


72 


= a 


d(d+l) 

2 

1 


\ 

ai) 




> 


d(d+i) \ Qi+Qz+lal-S 


O'! J 


72 

O'! 

'll 

(y.\ 


72 / 


O'! / \pi 


(y.\ 




(y.\ 




























24 


HYUNUK CHUNG AND SEHEON HAM 


The last inequality holds, because N — M > 0 and 72 <C ai. 

If M(M-i) ^ d—Cl] ^ then we may write (72/01)”^^ > {(^2/ 

Also we see that (/3i/Q!i)'3i+'^2+r|l-2 > ['ll < + Q2 + 

Fi + F 2 < d. Then we have that ri = d{d — l)/2, r 2 = 0, Si = d — 2, and S 2 = 2. It 
is easy to check the relations of ri, r2, Si, S 2 in Lemma 14.11 


If > d-Qi-\ II, we may write r, 




Then we have that 


ri = 


r2 = 

51 = Qi 

5 2 = d- 


d(d+l) M(M-l) 
2 2 
M(M - 1) 


Qi 


h Q 2 + 

Qi — Q2 


- 2 , 

k^ 
2 


+ 2. 


>A 

Qi 
- d, 




Qfn 


2 


It is easy to check that ri + r 2 = d{d — l)/2 and si + S 2 = d. Now let us verify 
^2/Qd ~ '^2/<id — 1 > 0 . Since Q2 < M/2 and Qi + \k/2] < d — M + 1, we see that 
S 2 /<?d — ''" 2 / 5 'd — 1 > M/2 — 2/qd — M(M — 2)/2grf, which is positive for all 2 < M < 
d/2 + 1. Since 2d — 1 is quasi-free, M is at least 2. Also, Qi + \k/2~\ <d — M + 1 
implies M < d — \k/2'] + 1 < d/2 + 1. Thus we conclude that S 2 /g^ — r 2 /qd — 1 > 0 
holds for all possible M whenever d > 4. 

When d = 3, we can check that = d — Qi — holds. In fact, the only 

possible cases are that 5 is quasi-bound to 3 or 4 with k = 3. Then Qi = 0 and 
M = +2 + Q2 — 2 . 

Case (3). Finally we consider the case that 2d — 1 is bound to some j G 23. In this 
case, we have that 


det 


dH{z{T,s)) 

dr 


2 d(d-i) 

2 


> Ca^ 


07 

0^1 


2 


aij 


Qi 


72 / 


Q2 d. 


\Ti \ '*('*+ 1 ) . 


2=1 


Thus one can see that 

1^2 


d(d-l) 

^ Q!i ^ 
rs-> 


= a 


d(d+l) 

2 


72 


M(M-l) 

2 


A 

O'! y 


-) 

«!/ 

Qi+Q2+r-^i—1 




Qi 


«1 


Q2 


a 


d—k 


-) 

I 2 J 


72 


M-iV 




Ol 


/Si 


Since 2d — 1 is bound to some j, there are at least two indices which are bound to 
j. Then we have N — M > 2, which implies ( 72 / 01 )”^^”^^ > ( 72 /«i)~^- Thus we 
obtain that 


iFol > 


a 


d{d+l) 

2 

1 



72 

«! 





Q1+Q2+r^i 
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Note that d — Qi — Q 2 — fll >0 and we may assume 72 = Q !2 > P 2 - (If CI 2 < P 2 , 
then 2d — 1 should be free.) Hence we may write 


72 




>A 


rf-Qi-Q2-r|i 




It follows that 1 ^ 2 ! ^ <Tr<T 2 ^/^r/^ 2 ^ holds with 

■ki M(M-l) 




2 

d-2, 


2 


51 — Qi + (52 + 

5 2 = d — Qi — Q 2 — 


1 , 


ki 

2 


+ 1 . 


It is easy to check that ri + r 2 = d{d — l)/2 and si + S 2 = d. Now let us verify 
S 2 /?rf —' 1 ’ 2 /^d —1 > 0 for all d>3. Since Q 2 < (M — 1)/2 and Qi + \k/2] < d — M + 1, 
it follows that S 2 /q'^—r 2 /qd — ^ > (M —l )/2 + l/grf —(M — 1 )^/ 2 ^^, which is positive for 
alll < M < d/2 + 1. Since the assumption that 2d — 1 is bound implies M > 1, and 
the condition Qi+|'fc/2] < d — M + 1 implies M < d/2 + 1 for all , we can conclude 
that S 2 /q'd — r 2 /qd — 1 > 0 for all possible M and for all d > 3. This completes the 
proof. □ 


5. The polynomial curves in 

In this section, we consider polynomial curves of simple type in C^. Let h{z) = 
(. 2 , 0(z)) with a complex polynomial (/{z) of degree at most N. Then da{z) = 

\(p'"{z)\^^^dn{z). By Lemma [2.11 it is enough to consider a restricted domain B := 
D n Bf^ for some 1 < i < M. By (|2]), we also see that \(j)'''{z)\ ~ \z\^ whenever 
zGH^cS'nAnT'fc with Ek = Gk or Dk. 

Thus we can set 

(25) Tf{x)= f f{x - h{z))da{z) = f f{x - h{z)) \z\'"diJ,{z). 

J B Jb 

This section is actually redundant, because fl25|) is the same as (H]). However, we 
will show that the d = 3 case can be treated directly without the band structure. 
Also, the complex version of the band structure in Section 3 was motivated by the 
proof of Lemma 15.31 

Again, we will show that two rehnements of the restricted weak type estimates 
hold: 

(26) \E\>a^/3^ or \F\>a^(3\ 

First, we prove the following, by which one can obtain the strong type (2, 3) esti¬ 
mate. (See Lemma [A.II and the beginning of Appendix A.) 
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Lemma 5.1. Let Ei,E 2 ,G C M® he measurable sets with finite measure. Suppose 
that 


Txei{x) > ai and Txe 2 {x) > 02 
for all X E G and ai < 02 - Then 

1 ^ 2 ! > aialP"^, 


where j3 = «i|^- 

The proof is similar to the real case, since we make a comparison between the 
absolute values of complex variables. (See [TT].) 

Proof. Since {T*xgiXei) = (xg^Txei) > ai|G| = (3\Ei\, we can dehne a set 

El = {yEE,: T*XG{y) > f3/2}. 


It follows that 

(TXePXg) = {XeI,T*xg) = {Xe,,T*xg) - {Xei\eI,T*Xg) > ai\G\ - ^\Ei\ = ylGI. 
Thus we can dehne 


G^ = {x eG : Txe\{x) > ai/ 4 }. 

One can see that G^ is not empty. 

For xo € we set 

P = {zi E B : xq — h{zi) E Ef) and then a{P) = Tx^i(xo) > ai/ 4 . 

For all Zi E P, we also set 

Qzi = {z2 E B -. xo - h{zi) + h{z2) E G] and then = T*xg{.xq - h{zi)) > ( 3 / 2 . 

For zi E P and Z2 E Qzj^, we set 

^zi,z2 = {^3 E B : Xo — h{zi) + h{z2) — h{zf) E E2I. 

Then we see that a{Rz^^z2) = ~ ^(^1) + ^(^2)) > D2- 

Let S = {{zi, Z2, Z3) : Zi E P, Z2 E Qz^, Z3 E Pzuz2}- And if we set 

( 27 ) ^h(zi, Z2, Z3) = -h(zi) + h(z2) - h(z3), 

then xq + $/i(‘ 5 ) C E2. From Lemma [ 2 .II and Bezout’s theorem, we have that 


E 2 I > G 




> G 



I Jm$/i( 2 ;i, 2:2, Z3)j d/u(zi)dp.(z2)d/u(z3) 


jJc^h(zi,Z2, Z3)\'^ dfi{zi)dfi{z2)dy.{z3) 


maxdzil, 1 ^ 2 !, \z3\Y^\z 2 - Zif\z3 - Zif\z3 - Z2fdp,{zi)dp,{z2)dp,{z3) 


whenever zi,Z 2 ,Z 3 E S. The last integrand is obtained from (Ej). 

To obtain a lower bound of the last integral, we follow the argument in m- Let 
us dehne a set 

Ba = {z E B : \z\ < (167ri^)“‘"a^}, 
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for V 


3 

fc +6 


and a fixed k as in the definition of T. Then we see that 


f‘{lQ'Kv) ''a'' 

k I ^ ' k ^ iQf 

z\'3diJ,{z) <271 = 27rz/(167ri/)“^a = —. 

Jo 8 

Thus we may assume that \zi\ > {167ru)~‘'ai on P. In fact, we can replace P by 
P \ since a{P \ B^J) > (t(P) — a^B^J) > We also assume that 1^21 > 

(167rz/)“'^/5'^ on and l^s] > { 1 Q 77 p )~''on Rz^,z2 fhe same way. 

The following lemma implies that we may assume zi, Z2 and z^ are separated from 
each other. 



Lemma 5 . 2 . There exists a small constant c > 0 such that for [zi, Z2, z^) G S 

(i) \z2 — Zi\ > cj3^\z2\~^^^\zi\~^^^~‘^'^\ where ei = 0 if Zi G Bp/2, or Si = 1 if 
^ Bp/2. 

— k fc /I \ 

(a) \z3 — Zi\ > ca||z3|“6^2|_^^|-e(i-£2j^ where 62 = 0 if Zi E 5 ^ 2 / 2 ; o^nd 82 = I if 
^ Ba2/2- 

k k / \ 

(Hi) 1^3 — Z2I P ca2\z3\~e^^\z2\~e^^~^^f where = 0 if Z2 E Ba2/2, cmd = 1 if 
^2 ^ -802/2- 


Proof. We will show {i). The remaining cases can be shown in a similar way. First, 
we consider the case Zi E Bp/ 2 , where \zi\ < (167rz/)“'^(/3/2)‘' < \z 2 \l 2 '' . Then we 
have that 

1 1 k 

1^2 - ^l| ^ 1 ^ 2 ! > (IStT^/) 2^2 1 ^ 2 ! 6 
since |z2| > (167riy)-^/3‘' = (167112)-3/(^+6)/33/(fc+6)_ 

11 k 

If zi ^ P^/2, then |zi| > (167rz/)“‘'(/3/2)'^, which also implies |zi| > {‘i2'Ki>)~^f 3 ^\zi\~'s. 
Let us dehne a set Bp{w) ioi w E B and Cq > 0 by 

1 k 

Bp{w) = {z E B : \z — w\ < Cq l 32 \w\~'^}. 


When 2; G Bp{zi) for Zi ^ Bp/2, we see that 

1 _k . X 1 I I 

\z — Zi\ < Cq P‘2\zi\ 6 < Co(327rz/)2 


and then 
It follows that 

(^{Bp{zi)) 


z\ < \z — zi \ + \zi\ < (1 + co(327rz/) 2 ) 12:3 


'-B/jbi) 


z\ 3 dfi{z) < ( (1 + Co(327rz/) 2 ) | 2 ;i 


X 7icl/3\zi\ 


k 

3 . 


By choosing sufficiently small cq, we have that a{Qz^ \ Bp{zi)) > ( 3 . Thus we can 
regard Qz^ \ Bp[zi) as Qz^, and we can say (i) holds for zi E P and Z 2 G Qz^- □ 


Now we turn to obtaining a lower bound of E'. We may assume that S can be 
replaced by a suitable subset of S, where zi, Z2, zq satisfy the observations above. By 
the above lemma, the Vandermonde determinant |x2 — Xi||x3 — 2;i||x3 — Z2I can be 
treated in each case. In fact, we have 

\Z2 - ^ /3Q:2|Xi|“t(2-<^l-^2)|^2|-|(£l+l-£3)|^g|-|(£2+e3)_ 
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Also it is obvious that 


( 28 ) 


max{|j:,|, \Z2\, |S3|}“ > IsiPIzjIVs" 


for positive constants a,6,c satisfying a + b + c = 2k. 

Therefore, if we set 

o = — + —(2 — ei — £2), ^ ^ 3 3 + 1 “ ^3), and ^ = - + -(^2 + ^3), 

we have 


Eal > C maxdzil, l^al, Izsl} \z2 - Zi\^\z 3 - l^s - Z2\ dij.{zi)dij.{z 2 )dij.{z 3 ) 



>Pal / |zi|^ 


F 2 


\z3\3 dn{z 3 )dn{z 2 )dn{zi) 


' Qz 


'Rz 


> aiP^al 

This completes the proof. 


□ 


To obtain sharper Lorentz space esimates, we need another rehnement of ( 126 |) as 
follows. 

Lemma 5 . 3 . Let Fi,F2,G C be measurable sets with finite measure. Suppose 
that 


T*XFi{y) > Pi and T*xf2{x) > P2 
for ally E G and Pi < ^2- Then 


F2\>a^PiP 


2 

25 


where a = Pi^y 

Proof. Following the proof of Lemma 15.11 we have that 

F^ = {xE Fi: Txg{x) > a/2} 

G^ = {yEG-.T*XFl{y)>Pi/^]- 

Then we can construct the sets contained in B as follows. For yo E G^, we dehne 

P' = {z3EB-.yo + h{z3) E F/}, (cr(P') > /3i/4), 

Q'zi = {z 2 ^ B : yo + h{zi) — h{z2) E G}, > a/2), 

^'zi,z2 = {^3 ^ B : yo + h{zi) - h{z2) + h{z3) E F2}, {^iR'zi,z2) — P'^)- 

If we set S' = {{zi,Z 2 ,Z 3 ) : Zi E P',Z2 E Q'^^,Z 3 E ^h(zi,Z 2 ,Z 3 ) = 

h(zi) — h{z2) + h{z3), then yo + C F2. Again we have that 


F2I >C 



max{| 2 ;i|, \z2\, \z 3 \y^\z 2 


^in ^3 


^in ^3 


Z2\^dfi{zi)dy{z2)dfi{z3) 


We also have an analogue of Lemma 15.21 

(i) \zi\ > P'(, \z2\ > (167rz/)“^Q!^, and l^^sl > . 
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(ii) jz2 — Zi\ > ca^\z2\ where £i = 0 if G 5 ai/ 2 , or £i = 1 if 

Zl ^ Ba^i 2 . 

(hi) 1^3 — Zi\ > C/ 32 ^ where £2 = 0 if Zi G -B/ 32 / 2 , and £2 = 1 if 

^ B 132 / 2 . 

(iv) 1^3 - Z2j > c/ 32 ^ |z3|“6^3|^2|“6^^“^3h where £3 = 0 if ^2 e B^2/2, and £3 = 1 if 
^2 ^ B^ 2 / 2 - 
where = 3 /(fc + 6 ). 

We consider two cases: /S 2 ^ « and /S 2 a. 

Case 1 : /32 ^ a. In this case, we follow the proof of Lemma [5.11 Then we obtain 

l^2| > a%/3^ > a%/3^ 


by (i)~(iv) above. 

Case 2 : (32 a. In this case, we assume that Zi G i?a/2- Then \z2 — Zi\ > 

1 fc 1 fc 

ca"2\zi\~'^. (When zi ^ i?a/2, we start with \z2 — Zi\ > ca"^\z2\~'^■) We consider two 
balls given by 


B{zi) = {z ■. \z — Zi\ <-ca'^\zi\ e} 

o 

1 1 fc 

B{z2) = {z ■.\z - Z 2 I < -ca2\zi\~e}. 

o 


Then Z3 can be located in B(zi), B(z 2 ), or (B(zi) UB(z 2 ))‘^. If Z3 G B(zi), then (iv) 
can be replaced by 

1 1 fc 

ka - ^ 2 ! > -ca^\zi\~6. 


By fl 28 p with a 
that 


F 2 I >6* 


= k + |(1 — £2), ^=15^=1 + |£2, and by (i)-(iii) above, it follows 
max{|zi|, 1^21, \z3\y’'\z2 - Zi\'^\z3 - Zi\‘^\z3 - Z2\‘^d/i{zi)dfl{z2)d/i{z3) 


> 

r\j 



|^in^2|^|^3|'^CI^/52|^l| ® 


3(1 ^^^'^dll{zi)dll{z2)dll{z3) 


> 


C?^2 



\zi\3\z2\^\z3\id^i{zi)dli{z2)d^i{z3) 




2 

2- 


1 1 fc 

If Z3 G B{z2), then we replace (hi) by 12:3 — zi\ > ^ca2\zi\~6. By choosing appro¬ 
priate a,b,c, we obtain IF2I > a^(3i(32 again. 

1 1 fc 1 1 fc 

If 2:3 G ( 5 (zi) □5(2:2))'^, we have \z3 — zi\ > ^ca2\zi\~6 and 1^3 —^2! > ^ca2\zi\~e. 
Thus we see that IT2I ^ c^^(3i(32 ^ as desired. □ 


Appendix A. Proof of Theorems 11.11 and 11.21 

In this section, for the sake of completeness we present a detailed proof of (fTj) 
assuming Lemmas 13.11 and 14.11 (Theorem 1.2 is implied by Lemmas 15.11 and 15.31 1 
We closely follow the argument due to Stovall [ 30 ]. (See also [lO].) We begin with 
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establishing a weaker version T ; —)■ which implies the weak 

type {p,q). By the argument in [ 10 ], the weak type {p,q) gives the Lorentz space 
boundedness of T : —)■ for any e > 0 . 

Lemma A.l. Let 1 < u < q = andp = Also let F be a (Borel) measurable 

set and f G Then there exists a constant C > 0, depending only on p, q, u, such 

that 

{Tf,XF)<C\\f\MF\^. 

Here, |F| is the Lebesgue measure of F on and 1/q' = 1 — 1/q. 


Proof. Let us set / = YlT=-oo‘^^XEk, where the L'^’s are pairwise disjoint measurable 
sets in Let us assume that 

1 




E (2‘Utk 


= 1 . 


y/c=—OO 


Then it suffices to show that 

(29) J2^’‘{Txe„Xf)<\F\7. 


fcez 


Let T(£'fc,F) denote {TxEk^Xp)- We classify depending on the restricted weak 
type estimate obtained in Section 3 and the normalization of / above. For nonnega¬ 
tive integers m and n, we dehne 


(30) 


X^ = {kEZ:7{Ek,F) = 0}, 

(31) 

Xi^{keZ: 

C2-'^-^\Ek\F\F\7 < 7{Ek,F) < C2-YEk\^\F\7}, 

(32) 

n^F 

= {fc G X^ : 2-"-^ < (2^|Efe|p)“ < 2-”}. 


Here the constant C arose from the restricted weak type estimates for T. 

We split „ into Hm-separated sets so we dehne to be a partition of 

“X-mn- Here A is some constant that will be determined later. Note that \k — k'\ > Am 
for any k,k' E X^ „ j. Fix i and set X = X^ „ ^ for convenience. 

By the normalization of /, we have — H We may assume that 

#X > 0. By (15^ . we see that ^ 1; so we obtain ffX < 2"'. Now we will 

hnd two upper bounds for Y/ 2^T(£'fc, F). 

Firstly, we obtain that 


(33) 


E rjiEt, F) < E 2*2"” l-Bt k f k 


fcGX 


kex 

<E2-"'2-i|F| 

<(#X)2-t—|F| 
<2Ai-h)-"^\F\V 


since X is a subset of fl^ and fl3^ . 
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Secondly, we consider a subset of F related to an average of T xe^ oii F- For 
/c G X, let 

(34) Gk = {x^F : Txe^{x) > }• 

It follows that 

7{Ek,F\Gk) < < \7{Ek,F), 

and then 7{Ek, F) ~ 7{Ek, G^)- 
Since 

C2-("*-F|Efc|F|F|7 < 7{Ek,F) ~ 7{Ek,Gk) < G\Ek\-^\Gk\7, 

we have 

(35) 2-^‘^'\F\<\Gk\. 


Also we can observe that 


Y 1 - 

fcex 



k£X 


It follows that 



1 

M 


kyte 


Therefore we have two cases, i.e. 

tF 5:|G.|<1 or ^S^ElGr-nCr 

' ' k&X \ ' ' k&X / ' ' k^i 

From the latter inequality and fl35l) . it holds that 

(36) \GknGe\>2-^^'i'\F\ 


for some k ^ i. In fact, one can see that 

< \F\-\i^Xymax\GknGi 

k^i 


and 

(ur‘Z ^ (iFr'2-’"»'iFi(#3c))2 

k&X 

by fl3^ . So we obtain max^^^ \Gk H Ge\ > 2~‘^^^'\F\. 

Our claim is that fl36|) yields a contradiction by Lemma 14.11 or 15.11 We postpone 
the proof for a moment. 
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Then we may assume that 'Ylk&x \^k\ ^ |-^|- By this inequality, the second bound 
for 'Yh F) can be derived from 


<Y,‘^^\Ek\^GuY 


k&% 


k£X 


(37) 




\kex 


^k£X 


<(#X2-^)5|FK 

<2"(|"u)|_p|7. 

By fl3^ and ([37]), we obtain that 

(38) F) < min 

kex 

Since 1 < n < g, we have 

oo \Arn\ 

2‘a-(£,,F) ^ J 2 T , 

n=0 i=l k£X 
oo 


lfl?. 


(39) 




n=0 


<Aml 2^B-i)-m j 1^1^ 

\n>|’mq''] nYlmq'l j 


i{- - - 

m > c, we sum fl5^ over 0 < m < cx) as follows: 


Let us set 0 < e < q'(- — -). Since there exists a constant c such that m < 2^"^ for 

— ^ ^ u q' — 


m>c 


^^2^T(Efc,F)= < |F|T 

m=0keX^ 0<m<c 

This gives the desired inequality 

Now we turn to proving that a contradiction occurs if we assume fl36l) . Let us denote 
G = GkAGi where k > I, Ei = Ek, E 2 = Ei, ai = 2~^\Ei\p\F\~9, (3 = q;i|G| 
and ck 2 = 2“™'|i?2p|T’|“9. Then, by Lemma iTU or Lemma ISTl) . and fl36|) . we obtain 
that 


d(d+l) / R 

\E 2 \>a,- ^ 

V«i 


d—1 / \ d 

0(2 

CKl 


> {2-YEi\^F\--^)^^{2-'^^^'\F\\Ei\-y-^{\E2\^Ei\-vY 

r\j -L 
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It follows that \Ei\ > 2-”^('^+h(9+V)|^2|. Together with the fact \Ei\ ~ ‘ 2 r'^vlu-kp 
and I-E 2 I ~ by ((32]), we have that Since k > and 

the case k < i can be obtained in a similar way, we hnally obtain that \k — i\ < 
m{d + l)(q' + 2 q')/p. Since we can take the constant A to be sufficiently large, this 
contradicts our construction of %. This completes the proof. □ 

Recall that p = q = The following lemma implies Theorem 11.11 and 

Theorem 11.21 In fact, the other three cases {u<p<v<q, p<u<q<v, and 
u < p < q < v) follow from the next lemma and the fact that H/Ulp.’^ < ll/lliP,.*' 
whenever u' < u. 


Lemma A.2. Let 1 < p < u < v < q < 00 . For f G there exists a constant 
C > 0 such that 

< C||/||ip.u(]R2d). 


Proof. Let / = g = J2j “^^XFj where E^ and Ej are pairwise disjoint 

measurable sets. We also assume that 


LP’' 


( 00 

E(2‘ 

k=—oo 


\Eu 


1 


and 


Li ,v' 


Then it suffices to show that 


E 


\j=-oo 


(a'lUl 



1 . 


jez fcez 


where 7{Ek,Ej) = {TxEk,XFj)- 

Fix a nonnegative integer m, and we set “Xq^ as above and 

={keZ-. c2-’^-^\Ek\p\Ef7 < 7{Ek,Ej) < c2-^\Ek\^Ef7} 
for some constant c > 0. Instead of we dehne 

(40) 3n = {j e Z < 2“”} 


from the normalization of g. We will divide 3n into [A'm] subsets, where A' will be 
specihed later. For 1 < i < [A'm], let us denote by an A'm-separated subset of 
dn- Let 3 = for convenience. Using the method used to get ffX, one can see that 
< 2"' for each 
By (15^ . we have that 


E2' 


k^OCrn 


2^7{Ek,E^)<Am2 






l/q' 


Je 3 


<Am2-^‘^'^^--ih-^^^'if3 
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For the second bound, we consider 

(41) = {x€E, -. T-XfM) > 

which implies that 

7{Ek\Ekj,Fj) < {XEk\Ek,j,T*XFj) < -7{Ekj,Ej). 

Therefore, 7{Ek,Ej) ~ 7(Ekj, Ej). It follows that < \Ekj\, which is similar 

to fl5^ . By the same argument, we get two cases: 



\Ek,j\ ^ 1 

teg 


or 




\ ^k,j Fl Ek^i 


Again, we may assume that Xljgg each k G %m- In fact, the second 

inequality and 2 ~'^P\Ek\ < \Ekj\ lead to \Ekj H Ek^i\ > which implies a 

contradiction to the dehnition of 3- We will check this at the end. 

By the assumption u/p > 1, it follows that 


tea Visa 




and then 
(42) 






fcez 


By Lemma fA.il Holder’s inequality, and (|42|) . we thus obtain that 


5^2^ 5^ 2‘7(i5„,F, 


tea 


fce3C„ 


k^xj 


( 


tea 


\ 


Vfcear^" 


1 \ “ 
k,j I ^ 


\Ej\^- 




< 

rs_/ 


/ 

fcex 


jGa y VjGa 


< 5^2‘”|St|5) (#32-?“'); 

VfcGZ 
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Now, let a = q'{l/u — 1/q). Then we have 

{Tf,g) = J2^^2>^nEk,Fj) 


j,k 

oo oo A^m 


n=0 771=0 i=l jeS kGX^ 
oo oo A'tr 

SEEE mm{Am2 17 )} 


n =0 771=0 2 = 1 
00 


272=0 \7i>\au7ri] n^fatim] 


m=0 


7n<\c\ 272<[c] 

< 1 


where we can take a constant c > 0 such that < 2'^"* when m > c and 0 < e < 
au{l/v' — 1/u'). 

Now we show that l-E^j fl > 2“^™'P|i?fc| leads to a contradiction in view of 
Lemma 14. II Let us assume j > I and m > 1. (The case m = 0 is excluded in the 
construction of the set d-) To apply Lemma l4Tl let us set E := E^j nE^^i, Ei := Ej, 
E 2 := El. By flTT]) and by the dehnition of 3Cm, we have that 

T*XfAx) > > 2-'^-^\Ek\-7\E,\7 for xeE, 

where i = 1,2. Let us set {3i = 2~^'^\Ek\~^^^'lEA/'^' and Oj := (3i\E\\Ei\~^ for i = 1,2, 
which satisfy the assumption of Lemma [4.11 (Note that 2“™“^ > 2“^™ for m > 1. ) 
Then, by Lemma [4.11 and by the assumption \E\ = {E^j fl Ek^i\ > 2~^"^P\Ek\, we 
obtain that 


\F2\ > 

> (2-3-|Efcri^|Fi|T)’-i+«i(2-3-|E, 


jr\E AY2+S2\E\^l+r2 


2 

ri+si 




3md(d+l) ,, , ,s d(d+l) , d(d-l) .'L” 

> 2 - 2^-'^PAd-l)\£jl - ^ + 


ro + so 


= 2 


Tnd(d+l)(d+ 2 ) , _ ,I2_£2_l1 , _ ,£ 2 _I 2 

2 q \ F 2 F q 


using the conditions ri +r 2 = d{d — l)/2, si + S 2 = d in Lemma l4T] and p = (d +1)/2, 
q = d{d+ l)/2(d — 1). 


It follows that 


l^il 




> 2 


((i+ 2 ) 
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Since we have |-Fi| ~ and I-F 2 I ~ by (HOj), we have that 2'"™ > 

2^~K Here, C = d{d + l){d + 2)/{2q'{s2lq' — r 2 /q + 1)). Since the case I < j can 
be obtained in a similar way, we finally obtain that \j — l\ < Cm. If we take the 
constant A to be sufficiently large, this contradicts our construction of 3 - D 

Appendix B. The necessary conditions 

We use the notation and terminology in [9l |30]. We will only treat the nonde¬ 
generate case when h{z) = z‘^), which is an analogue of the moment 

curve in the real case. Then da{z) ~ dfi{z) = dudv and we may assume that 
= fjj f(x - h(z))dfi(z). 

Let Dr be an anisotropic scaling in given by 

Dr(xi, yi, X2, 1/2, • • •, Xd, Vd) = {rxi, ryi, r^X2, r^i/2, • • •, r^^yd)- 

We also define a ball B{x, e) of radius e centered at x in Then B{x, e) — h{z) for 
z & D is an e-neighborhood of —h{z), translated by x. Hence let us set N{x,e) := 
B{x,e) — h{z) foTzED so that y — h[z) G N{x,e) whenever y G B{x,e). 

First we show that the restricted weak type (p, q) of A may hold only for (p, q) G 71, 
where 7?. is a trapezoid with vertices (0, 0), (1,1), (1/pd, 7/qd), and (1 —l/g^, 1 —1/pd). 

Let 0 < r < 1 be a small constant. We consider DrN{0, 1) in For each y G 

one can see that y — h{rz) = y — Drh{z) G DrN{0, 1) whenever y G DrB{0, 1) and 
\z\ < r~^. Hence it follows from the dilation z rz that 

~^XDrN{0,l){y) = / XDrN( 0 ,l){y - h{z))dfx{z) 

J\z\<l 

= r^ XDrN{0,i){y - h{rz))dn{z) 

J |j2|<r“^ 

^ r'^XDrBqd,i){y)-, 

which implies \\AxDrN{o,i)\\Li’°° ^ ^ 2 +d(d+i)/g_ Since \DrN{ 0 ,l)\^A ^d(d+i)/p^ 

obtain 7 - 2 +rf(rf+i)/<? < ^d{d+i)/p restricted weak type (p, q) for A. Since 0 < 

r < 1 we get 1 -|- d{d + l)/(2g) > d{d + l)/(2p). 

Now for 0 < £ < 1 we consider 5(0, e) and iV(0,e) so that ||AxAr(o,£)||L-j,oo > 
\B{Q,e)\^C = e 2 d/g_ .^g pg^yg |_/v(0,e)| ~ By the restricted weak type 

(p, g) for A, we get < £2(rf-i)/p_ Hence, d/q > {d — l)/p, and duality gives 

1 + {d — l)/q > d/p. 

Finally, the condition q > p follows by the fact that A is translation invariant. In 
fact, if any nonzero linear operator which is translation invariant is bounded from 
to then g > p is necessary. (See Section 2.5.3 in [I9].) 

As a result, we can see that A is of restricted weak type (p, g) only if (p, g) G 7Z. 

Lorentz space estimates. Now we show that if ([T]) holds, then u < qd, Pd < v, and 
u<v, where (pd, qd) = (^, |Sy)- 

• u < V : For a positive integer M, we choose 0 < e < 1 and Xj for j = 1, ... ,M 
such that B{xj,e^) are pairwise disjoint and N{xj,e^) are also pairwise disjoint. 
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Let f{y) = Then one can see that 


M 


2{d—l)u ^ 


LPa,u ~ I 

i=i 


M “. 


Since AxN{xj,ei){y) ^ XB{xj,ei){y) ^nd B{xj,e^) are pairwise disjoint, we obtain that 


M 


M/llL'Jd.- > II ^ 
i=i 

M 


2(d-l)j 

£ XB(xj,ei) 


M 


2v(d-l) 


0=1 


£ ^ Pd U'-' 


Lid, 


= M ". 


pd '^\B{xj,e^)\id 

0=1 


For the last equality we use the fact that {pd, Qd) satishes d/qd = {d — l)/pd. Therefore 
o gives for any positive integer M >2. Hence we obtain u < v. 

* u ^ Qd ■ Let N^^r{x) = DrN{x,e) and B^^rix) = DrB{x,e). We begin with 
observing AxNe^rix){y) ^ AxBe^r{x){y) for some x and 0 < e,r < 1. Since h{rz) = 
Drh{z), we see that 


AxN,A^)iy) = / XN,,r{x)iy - h{z))dp{z) =A XNeAx)i.y - h{rz))dp{z) 

J\z\<l Jp|<r-l 


= r 


\z\<r 


XN{x,e)iDr y - h{z))dp{z) > T (l/)• 


Let us set Sj = 2 W+i)Pd^ = 2, ^, and choose Xj so that B^.^rji^j) are pairwise 
disjoint and also N^j^rjixj) are pairwise disjoint. (This choice of Sj and Vj is borrowed 
from Section 3 in [30].) If we set / = J2^i‘^‘^^XNe.,rjy h follows that ||/||LPd.“ ~ 
j^i/u 2 - 2 M{d-i) ^ Also, we have that 


M 

\\A!\\L„.->\\Y.2‘n-y 

i=i 


M 


2 dMp^ 


XB,.^rj{xj)\\Lid,- - I [J Bej,rj{xp\‘^<i - Mid2 id 

i=i 


Thus ([T]) implies that < ]\^i/“2 Since i)/Pd) = 

1, we get u < Qd whenever M > 1. Note that if M = 1, one can obtain 1 + d{d + 
l)/(2g)>d(d+l)/(2p). 

* Pd ^ V ■ In this case, we make use of A*XBe,r ^ on W,r, which can 
be obtained by the same calculation as above. For a positive integer M > 1 and 
— M < j < —1, we set Sj = 2~^^^^'>‘^d, Vj = 2 Bdl<}d^ and choose Xj so that B^^^rj{xj) 
are pairwise disjoint and N^.^r {xj) are also pairwise disjoint. 

Since 2 ^^B,.^r,{xj)\^/'id = 2 ‘^j 2 -^^^^+^Ad(d+i)j/g^ ^ for Qd = |^. If we set 

/ = it follows that ~ 
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Also, we have that 


-M 


)-2{j+M)q'^+2jq'Jqa 


IA7II,.>. > II E 2^7 

i=-i 

-M 

= 2 -^^^ IJ =M^2 






i=-i 


If (PP) holds, then we get M^'d2 Since {pd,(ld) = 

(^, satishes — = — or 1 + ^ = 4, it follows that n' < p'^ for any 

^ 2 ’ 2(d-l)2 qj^ Pd ‘Id — i'd J 

positive integer M > 1. 
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